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the case in which different surface impedances charac-
terize the upper and lower boundaries of the waveguide.

Finally, it should be pointed out that nowhere in the
derivation of the solution to this problem is it necessary
to evaluate directly the inverse of a matrix. Hence, in
deriving the numerical solution to a particular problem,
it is not a very crucial problem to determine the dimen-
sion of the truncated matrices. Since a scattering coeffi-
cient of amplitude 0.01 would indicate that the power
scattered into the corresponding mode is about 10~ of
the total scattered power, modes with smaller ampli-
tudes may be neglected for all practical purposes. It has
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also been pointed out that power from the incident
principal mode will be essentially scattered into the
lower order modes; therefore, modes for which | C,|z>1
should not be considered, as the numerical example
clearly illustrates. This, moreover, justifies the applica-
bility of the “constant” finite surface impedance con-
cept referred to in Section II.
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Correspondence

Multiline 2N-Port Directional where

Couplers ™ 2:(0) 7]
In 1954, Oliver [1] described the basic 22(0)

theory and design of a four-port contra- V= .

directional coupler which utilized two sets

of coupled transmission lines. We attempt

here to generalize this result so as to obtain L on(0)

a 2N-port contradirectional coupler. r2:(0) 7
We use the following notation. Capital 15(0)

letters will stand for matrices. The Zjth ele-

ment of a matrix 4 will be denoted either L= :

by ay; or (4);. The kth element of a column .

vector a will be denoted by (a)z. in(0)

Consider a system N-+1 parallel cylin-
drical conductors operating in the TEM
mode. Since the operation is TEM, we can 1
define a voltage v;(x) and a current 4;(x) for T,
the 7th conductor

line ¢

It may be shown [2] that T, is given by

Tyl w
where 1y is the N by N identity matrix,

inductance matrices per unit length for the
given configuration. L can be determined

u() 7] from C and vice versa [2] since LC=puely.
v2(f) The matrix C is hyperdominant, that is, all
Vv, = . its diagonal elements are positive and all its
: off-diagonal elements are negative [3]:
Lox @) ¢z > 0. o (3)
iy () T ;<0 i3] (6)
i2() Also, all the elements of L are positive:
L=| - I, 2 0. (7)
Note that
Lin (@) PR
Opg  Cpg
[}N_ AW . @ We now introduce incident and reflected
AG | 1y wave amplitudes (a), and (b), (p=1, 2,

3,-+-,2N)

vi(x)=—-f E-dR[ . a=[‘3 . b= E]
Line N41 2 fixed A= tanh(jwl\/'ue), as by
=12+, N) €3] G = C/+/we, with
w-f o 1
around conduct(.)rl' z fixed and C and L are the static capacitance and (al)k = 2\/’.—]00 (vk(o) + ykozk(o))’ (83)
G=1,2--,8) @ :
where E and H denote the electric and mag- v (0} w (Bo)e = 24/, ©:(0) = rie(0)),  (80)
netic field vectors. The N-41th conductor (0] —= = CONDUCTOR | b — i 1 ’
h'aS bt_zen 'taken as a voltage ref(?renge. The L (0) e 2O 2 e ® (ar = —= (w{) — riix®)),  (8c)
situation is shown schematically in Fig. 1. 2 s " 2 21y
In practice, the N41th conductor may 1,0} — o2 3 e i) 1
be a closed waveguide in which the other N (B2)i = o @) + rede@).  (8d)
conductors are contained, as shown in Fig. 2 (0} e WO N wh L Vi
. - N
in cross section. . N+l N The parameters 7z, and 7;, represent pre-
Lfet us define T3, the transfer impedance T 7 scribed terminating resistances at their re-
matrix of the system, as follows x=0 2=t spective ports. The goal of this work is to
v, v, Fig. 1. N 41 coupled transmission lines. choose the #’s so that directional coupler
|:~] — Tz[ (3) operation is achieved.
I, I, Define a 2N by 2N transfer scattering
matrix T
b T as
Manuscript received February 2, 1966; revised a— T Z_ ‘ (9)
August 1, 1966. The work reported in this paper was ! ?
supported by the Rome Air Development Center, T T
“;ﬂ'ifﬁss AFB, Air Force Systems Command, under =2 12 ’ (10)
Contract AF-30(602)-2868, Fig. 2. Cross-sectional view of multiline : Ta Tas
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where we have partitioned T into four N by
N submatrices. Utilizing the above, it is a
matter of straightforward matrix algebra! to
derive expressions for the elements of T%:

1

21 =Ny,
[builng -+ 70 — Ay + gings)] (11a)
.t

2T =N/ ny,,

[8.5(riy + 73,) + Nawi; + goregri)] (11b)
-1

2\/1 —_ )\2'\/1’7,01/]'1

80, (=i 73) F N—wij + giyregri)] (110)
I S

PN N

i (=riy 77 + Nwss — ggragriy) ]

(T11)i; =

(Tao)oj =

(T21)Lj =

(The)s; =

(11d)

where §,; is the Kronecker delta.
The scattering matrix S relates a to b,
b = Sa. (12)

S can be expressed in terms of T as follows

S =

T12T22“1] (To™ 1y ] (13)

Togt | ~ T T

where (T527!)” denotes the transpose of 7™
and use has been made of reciprocity.

It is now time to state precisely what we
mean by the term “2N-port contradirec-
tional coupler.” Let us arbitrarily single out
conductor 1, and call it the “main line.” It
is assumed that incident power will be ap-
plied only to the main line conductor either
at x=0 or x=Il The other conductors
(2,3, -+, N)are called “subsidiary lines.”
The following requirements are made:

1) When a wave is incident on one of the
main line ports, no reflected wave is
produced at that port (i.e., the main
line ports are matched).

2) When a wave is incident on one of the
main line ports, a reflected wave re-
sults at the other main line port and
at all the subsidiary ports on the same
side as the excited port, but no re-
flected wave results at the subsidiary
ports on the opposite side.

The situation is shown schematically in
Fig. 3 for the case of excitation at the x=0
side. A similar figure applies for excitation at
the x=/ side. The above requirements
translate simply into restrictions on the ele-
ments of S. Specifically, we demand an S of
the form

@)— CONDUCTOR | — 8.,
(Bl— 2
— 3
(bly ;
(Bl N
N+)|

! |

x=0 x=2

Fig. 3. Multiline directional coupler.

1 The details are carried out in [4].

CORRESPONDENCE
N N
(0 X X---X(X0 0---07
X X X---X|X X X---X
¥ X XXX X X---X|ly
g|¥ X XXX X X...X
Ilx xx---x0 x x---x
0 X X---X|X X X---X
0 X X-..X|x x x...xX|\»v
Lo X X---Xlx x x---x1

We note that the inverse of a matrix of the
form

rX 0 0 <07
0 X X..--X
0 X X

0 X X-.-X

L0 X X---X1

is also of this form. From (13) we see that if
T is in this form, and if (7)1 and (Te)na
are zero, then S will have the desired form.
Inspection of (11) shows that all these re-
quirements are met provided that

wWn l;-
i = T = —_— = - (14)
811 €11
and
We —1— L Jen
Fig = Fiy = — — s /o (15)
&1 w1 Ci1 In

for 1=2, 3, 4, -+ -, N. From (5), (6), and
(7}, all the r's are positive, as required.
Since (14) and (15) are independent of \, the
coupler has infinite directivity bandwidth.
For N=2, (14) and (15) reduce to Oliver’s
[1] resuits.

The performance of an experimental 6-
port directional coupler is described in [4].

In conclusion, it has been shown that
any section of N+41 conductor multiline
can be made to operate as a 2N-port direc-
tional coupler by the proper choice of the
2N load resistances as given in (14) and (15).
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Comments on “Polarization
Transformation in Twisted
Anisotropic Media”

The artificial anisotropic medium illus-
trated in Fig. 1 of Van Doeren’s Paper! is
not twistable in the sense intended by the
author. A moment’s contemplation reveals
that the lateral distance moved by the ro-
tating layers, for given distance moved in a
direction parallel with the twist axis, is
directly proportional to the distance from
the twist axis. The result is 2 medium with
characteristics that vary drastically as a
function of the position relative to the twist
axis.

The inappropriateness of the physical
example does not detract from the validity
of the theoretical analysis in the body of the
paper. The numerical calculations are also
valid; they just don’t apply to a layered
anisotropic medium.

The interesting question that comes out
of this is what the artificial twisted aniso-
tropic medium might be, other than a
scaled-up replica of a quartz crystal.

Two possibilities are sketched in Fig. 1.
The first, shown in Fig. 1(a), involves
slicing the layered medium perpendicular to
the layers, then rotating each slice by a
small angle. The slice thickness and the
angle of rotation are the added parameters
in this case. The second, shown in Fig. 1(b),
involves cutting tubes parallel with the
layers, then twisting the layered medium
within each tube. The tubes can be circular,
hexagonal, or square. If they are not circu-
lar, it will be necessary to twist the medium
before cutting the tubes. The added param-
eters are the twist rate of the medium and
the tube dimensions.

Dots indicate alternate
twist axes

Second layep
dashed
 —
&
Fust slice
& =
T Sacond slice
Twist axis
(o) Rotated Slices
(b) Tubes Contaiming Twisted Layered Media

Fig. 1. Possible methods for obtaining artificial

twisted anisotropic dielectrics.

There are surely many other possible
configurations, but it appears certain that
they will also contain periodicities in three
dimensions and will therefore, like the two
described above, present a challenge to any-
one interested in analyzing them.
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